Surjective Constraint Satisfaction Problem (SCSP) is the problem of deciding whether there exists a surjective assignment to a set of variables subject to some specified constraints. In this paper we show that one of the most popular variants of the SCSP, called No-Rainbow Problem, is NP-Hard.
R 1 (z 1,1 , . . . , z 1,n 1 ) ∧ · · · ∧ R s (z s,1 , . . . , z s,ns ), where R 1 , . . . , R s ∈ Γ and each z i,j ∈ {x 1 , . . . , x n }; decide whether the formula is satisfiable. The Surjective Constraint Satisfaction Problem over the constraint language Γ, denoted by SCSP(Γ), is the problem of deciding whether there is a solution such that {x 1 , . . . , x n } = A. The problem CSP(Γ 0 ) is known to be NP-Hard [2] . Hence SCSP({R}) is also NP-hard.
Thus, our result confirms the conjecture suggested by Hubie Chen in [1] . Conjecture 1. For any constraint language Γ the problems CSP(Γ ∪ {x = a | a ∈ A}) and SCSP(Γ) have the same complexity.
Proof of Theorem 1
Let I be an instance of CSP(Γ 0 ). Let us build an instance J of SCSP({R, =}) such that I holds if and only if J has a surjective solution. Note that the problems SCSP({R, =}) and SCSP({R}) are equivalent because we can always propagate out the equalities.
Construction. Let u 1 , . . . , u n be the variables of I.
Choose variables x, x ′ , y ′ , x 1 , . . . , x n , y 1 , . . . , y n , z 1 , . . . , z n . We define 14 sets of constraints:
Lemma 3. I holds if and only if J has a surjective solution, where J = C 1 ∪ · · · ∪ C 14 .
Proof. Let us show both implications.
Let us check that all constraints are satisfied.
. , x n are from the set {0, 1}. C 5 holds because x, y ′ , y 1 , . . . , y n are from the set {1, 2}. C 6 holds because x ′ , y ′ , z 1 , . . . , z n are from the set {0, 2}.
C 11 holds because each constraint is equivalent to |{b i , b j , 1 + b k }| < 3 and equivalent to
C 12 holds because each constraint is equivalent to |{b i + 1, b j + 1, b k }| < 3 and equivalent to ( 
C 13 holds because x i = x = 1 whenever b i = 1. Case 1. Assume that y ′ = c and x ′ = b. WLOG we may assume (everything is symmetric) that x = 1, x ′ = 0, y ′ = 2.
By C 4 , C 5 , C 6 we know that {x, x ′ , x 1 , . . . , x n } = {0, 1}, {x, y ′ , y 1 , . . . , y n } = {1, 2}, {x ′ , y ′ , z 1 , . . . , z n } = {0, 2}.
Let us show that y i = x i + 1. If x i = 0 and y i = 2, then we get a contradiction with C 1 . If x i = y i = 1, then by C 2 we have z i = 2, by C 3 we have z i = 0, which implies z i = 1 and contradicts C 6 .
Let us show that (u 1 , . . . , u n ) = (x 1 , . . . , x n ) is a solution of I. C 11 guarantees that all the constraints of the form ((u i = u j ) ∨ u k = 0) hold, C 12 guarantees that all the constraints of the form ((u i = u j ) ∨ u k = 1) hold, C 13 guarantees that all the constraints of the form u i = 1 hold, C 14 guarantees that all the constraints of the form u i = 0 hold. Thus, we proved that it is a solution.
Case 2. Assume that y ′ = c and x ′ = a. By C 5 we have {x, y ′ , y 1 , . . . , y n } = {a, c}. By C 6 we have {x ′ , y ′ , z 1 , . . . , z n } = {a, c}. Since the solution is surjective, there should be i such that x i = b. By C 9 we have z i = c, by C 3 we have z i = a. Contradiction.
Case 3. Assume that y ′ = c and y i = z i = c for some i. By C 5 we have {x, y ′ , y 1 , . . . , y n } = {a, c}, hence y ′ = a. By C 6 we have {x ′ , y ′ , z 1 , . . . , z n } = {a, c}, hence x ′ = a. Since the solution is surjective, there should be j such that x j = b. By C 9 , we have z j = a. By C 7 we have y ℓ = a for every ℓ. Contradiction.
Case 4. Assume that y ′ = c and y i = c, z i = c for some i. By C 5 we have {x, y ′ , y 1 , . . . , y n } = {a, c}, hence y ′ = a. By C 1 , we have x i = a. By C 8 we obtain z i ∈ {a, c} and since z i = c we have z i = a. Then by C 8 we obtain x ℓ = a for every ℓ. If z j = b for some j, then we get a contradiction with C 7 applied to (x j , y i , z j ). Since the solution is surjective, the only remaining option is x ′ = b, which contradicts C 2 .
Case 5. Assume that {x, y ′ , y 1 , . . . , y n } ⊆ {a, b}. Since the solution is surjective, there exists i such that z i = c. By C 9 and C 10 we have x i = y i = a. By C 7 we have y ℓ = a for every ℓ, by C 8 we have x ℓ = a for every ℓ. By C 2 we have x ′ = b, by C 3 we have y ′ = b. Therefore x ′ = y ′ = a and by C 6 we obtain {x ′ , y ′ , z 1 , . . . , z n } = {a, c}. Hence, none of the variables can be equal to b. Contradiction.
